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We study generalized primitive elements of free algebras of finite ranks with the
Nielsen]Schreier property and their automorphic orbits. A primitive element of a
free algebra is an element of some free generating set of this algebra. Almost
primitive elements are not primitive elements which are primitive in any proper
subalgebra. D-primitive elements are elements whose partial derivatives generate
the same one-sided ideal of the universal multiplicative envelope algebra of a free
algebra as the set of free generators generate. We prove that an endomorphism
preserving an automorphic orbit of a nonzero element of a free algebra of rank two
is an automorphism. An algorithm to determine test elements of free algebras of
rank two is described. A series of almost primitive elements is constructed and new
examples of test elements are given. We prove that if the rank n of the free Lie
algebra L is even, n s 2m, then any D-primitive element of L is an automorphic
w x w ximage of the element w s x , x q ??? q x , x , there are no D-primitive1 2 2 my1 2 m
elements of L if n is odd, and the group of automorphisms of the algebra L acts
transitively on the set of all D-primitive elements. Q 2000 Academic Press
1. INTRODUCTION: FREE ALGEBRAS WITH THE
NIELSEN]SCHREIER PROPERTY
A variety of algebras is said to be Schreier if any subalgebra of a free
Žalgebra of this variety is free. The main types of homogeneous i.e., given
.by homogeneous identities Schreier varieties of algebras are the variety of
all algebras, the variety of all commutative algebras, the variety of anti-
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commutative algebras, varieties of Lie algebras and superalgebras, and
varieties of Lie p-algebras and p-superalgebras. The free algebras of these
varieties are the free nonassociative algebra, the free commutative nonas-
sociative algebra, the free anti-commutative nonassociative algebra, free
Lie algebras and superalgebras, free Lie p-algebras, and free Lie p-super-
w xalgebras, respectively. In 71, 72 , U. U. Umirbaev gave new examples of
Schreier varieties of algebras and obtained necessary and sufficient condi-
tions for a variety of algebras to be Schreier.
Ž .Let K be a field, char K / 2, and let F s F X be the free algebra of a
homogeneous Schreier variety of algebras over a field K with the set X of
Ž . Ž .free generators. For u g F, by l u we denote the length usual degree of
u. Each free algebra F has a standard linear basis which gives a possibility
to write elements in a unique form as linear combinations of homogeneous
basic monomials. For more information and necessary details we refer to
w x wthe articles 2, 29, 30, 32]36, 41, 57, 58, 67, 71, 72, 76 and monographs 3,
x5, 46, 50 .
Consider a weight function m: X “ N, where N is the set of positive
Ž .integers. Let G X be the free groupoid of nonassociative monomials in
Ž .the alphabet X, S X the free semigroup of associative words in X, and
˜ Ž . Ž . Ž: G X “ S X the bracket removing homomorphism. We set m x ???1
. n Ž . Ž .x s Ý m x for x , . . . , x g X. If m x s 1 for all x g X, then m isn is1 i 1 n
Ž .just the usual length, m s l s l . If a g F X , a s Ýa a , 0 / a g K, aX i i i i
Ž .  Ž .4are basic monomials, a / a with j / s, then we set m a s max m a .˜j s i i
By a we denote the leading part of a: a s Ý a a . In this articleˆ ˆ j, mŽa .smŽa. j jj
we use different weight functions. To separate cases where we use the
length function we denote the leading part of an element a with respect to
the usual degree function by a8.
Ž .A subset M of F s F X is said to be independent if M is a set of free
 4generators of the subalgebra of F generated by M. A subset M s a ofi
nonzero elements of F is called reduced if for any i the leading part aT ofi
the element a does not belong to the subalgebra of F generated by thei
 T 4set a ‹ j / i .j
 4 XLet S s s ‹ a g I be a subset of F. A mapping u : S “ S : F is ana
elementary transformation of S if either u is a non-degenerate linear
Ž .transformation of S, or there is b g I such that u s s s for all a g I,a a
a / b , and
 4u s s s q f s ‹ a / b ,Ž . Ž .b b a
where f is an element of a free algebra of the same variety of algebras.
One can transform any finite set of elements of the algebra F to a
reduced set using a finite number of elementary transformations and
possibly cancelling zero elements, and every reduced subset of the algebra
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Ž .F is an independent subset this is what is called the Nielsen property .
Moreover, using Kurosh’s method, one can construct a reduced set of
generators for any subalgebra of the algebra F. Hence any subalgebra of
ŽF is free in the same variety of algebras this is what is called the Schreier
.property . For a homogeneous variety of algebras, the Nielsen and Schreier
Ž w x.properties are equivalent see 30 , any finite subset of F can be trans-
formed into a reduced set by a finite number of elementary transforma-
Ž .tions with possible cancellation of zeros ; any reduced subset of the
algebra F is an independent set; the leading part of a polynomial in a
reduced set is a polynomial in leading parts of elements of this set; every
subalgebra of F is free in the same variety; the automorphism group of a
free algebra F of finite rank is generated by elementary automorphisms.
Ž .An element u of F X is said to be primitive if it is an element of some
Ž .set of free generators of the algebra F X . A set of nonzero pairwise
Ž .distinct elements of F X is said to be a primitive system of elements if it
Ž .is a subset of some set of free generators of F X . The rank of u g F s
Ž .F X is the smallest number of generators from X on which an element
Ž . Žw u depends on, where w runs on the automorphism group of F in other
Ž . .words, rank u is the smallest rank of a free factor of F containing u . An
Ž .element u of F X is said to be a test element if for any endomorphism w
Ž . Ž . Ž .of F X it follows from w u s u that w is an automorphism of F X .
 4Let K be a field, char K / 2, and let X be a finite set, X s x , . . . , x .1 n
Ž .In what follows F s F X denotes the free K-algebra without the unity
element on the set X of free generators of one of the following varieties of
algebras over a field K : the variety of all algebras, the variety of Lie
algebras, varieties of color Lie superalgebras, the variety of Lie p-algebras,
varieties of color Lie p-superalgebras, varieties of commutative and anti-
commutative algebras.
The article is organized as follows. In Section 2 we prove that an
endomorphism preserving an automorphic orbit of a nonzero element of a
free algebra of rank two is an automorphism, Theorem 2.1.
Section 3 deals with almost primitive and test elements of free algebras.
We show that almost primitive elements are elements of maximal rank,
Proposition 3.2. If the free algebra F is a free product of its subalgebras A
and B, and elements a and b are homogeneous almost primitive elements
in algebras A and B, respectively, then the element a q b is an almost
primitive element in F, Proposition 3.9. This result gives us a possibility to
construct in Theorem 3.11 a series of almost primitive elements. We
discuss also a connection between properties of elements to be almost
primitive and to be test elements. We conclude the section with an
algorithm to determine test elements of free algebras of rank two.
In Section 4 we prove the main results of the article, Theorem 4.1: if the
rank n of the free Lie algebra L is even, n s 2m, then any D-primitive
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w x w xelement of L is an automorphic image of x , x q ??? q x , x ,1 2 2 my1 2 m
there are no D-primitive elements of L if n is odd, and the group of
automorphisms of the algebra L acts transitively on the set of all D-primi-
tive elements.
2. FREE ALGEBRAS OF RANK TWO
 4THEOREM 2.1. Let K be a field, char K / 2, X s x, y , and let u be a
Ž . Ž .nonzero element of the algebra F s F X , Orb u the automorphic orbit of
Ž Ž .. Ž .the element u, and w an endomorphism of L such that w Orb u : Orb u .
Then w is an automorphism of F.
Ž .Proof. We prove that if c is an endomorphism of F X which takes
Žprimitive elements to primitive elements, then c is an automorphism and
then the statement of the theorem follows from the Proposition in Section
w x.6 of our article 41 .
Ž .Applying an automorphism of F we may suppose that c x s x. Let
Ž . Ž . Ž . Ž . Ž .c y s A y q B x, y q C x , where A y is the sum of all monomials
Ž .which do not depend on x, and C x is the sum of all monomials which do
Ž .not depend on y. For primitive element u s y y C x of F we get
Ž . Ž . Ž . Ž .c u s A y q B x, y . By the assumption of the theorem, c u is a
Ž .primitive element of F. In the algebra F s F x, y we consider a general-
Ž . Ž .ized degree: we set d x s N, where N is a positive integer, and d y s 1.
According to this degree we define the leading part of an element of F,
and the notion of a reduced subset. As above, the leading part of a
polynomial in a reduced set is a polynomial in leading parts of elements of
< < Ž .this set. Since X s 2 and the automorphism group of F s F X is
generated by elementary automorphisms, for any primitive element ¤ of F
which depends on x there is a positive integer N such that the leading part
Ž . Ž .of u does not depend on y. Thus B x, y s 0, and the element c u s
Ž .A y does not depend on x.
Ž Ž .. Ž .Suppose now that d c u ) 1. Since c u is a primitive element and
< <  Ž . 4X s 2, there is a primitive element ¤ of F such that c u , ¤ is a free
generating set of F. Therefore there exists a sequence of elementary
 4transformations of this set such that the result is x, y . Hence we may
Ž . Ž Ž .. Ž Ž ..suppose that d ¤ - d c u . Taking N ) d c u , we have that ¤ does
Ž .not depend on x. Bearing in mind that c u and ¤ generate the algebra F,
Ž .we come to a contradiction. Therefore c u s a y, 0 / a g K, and thus c
is an automorphism of F.
Remark 2.2. The statement of Theorem 2.1 for free Lie algebras and
free Lie superalgebras of finite rank over a field of zero characteristic and
for free Lie p-algebras and free Lie p-superalgebras was proved by A. A.
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w x ŽMikhalev and J.-T. Yu 41 for free Lie algebras of rank two this result
w x.were obtained by V. Drensky and J.-T. Yu 17 , the result that the
endomorphism of these free algebras which preserve primitivity of ele-
ments is an automorphism was obtained by A. A. Mikhalev and A. A.
w xZolotykh 44 . For more information about combinatorial properties of
w xfree Lie algebras and superalgebras see monographs 3, 5, 46, 50 . The
statement of the theorem for free groups of rank two was proved by S.
w x w xIvanov 25 and by V. Shpilrain in 63 . The result that an endomorphism of
Žpolynomial algebra in two variables of the free associative algebra of rank
.two over a field of zero characteristic preserving primitivity of elements is
w xan automorphism was obtained by A. van den Essen and V. Shpilrain 19 ;
w xZ. Jelonek 27 proved this theorem for polynomial algebras in a finite
number of variables over the field of complex numbers. If w is an
Ž .endomorphism of F, u g F, and w u is a primitive element, then u
generates a retract of F; if w is injective, then u is a primitive element;
w xsee 36 . V. Shpilrain pointed out that for free groups this statement is a
simple application of Nielsen’s elementary transformations method. For
w xpolynomial algebras in two variables see the article 7 by L. A. Campbell
and J.-T. Yu.
3. ALMOST PRIMITIVE AND TEST ELEMENTS
Ž .An almost primitive element APE of a free algebra F is an element
which is not primitive in F, but which is primitive in any proper subalgebra
of F containing it. A series of interesting results were obtained for almost
w xprimitive elements of free groups; see, for example, 6, 21, 22, 52]55 . We
consider almost primitive elements of free algebras with the Nielsen]
Schreier property.
A nonzero element a of an algebra A is called a test element if for any
Ž .endomorphism w of A it follows from w a s a that w is an automor-
phism of the algebra A. A subalgebra B of A is a retract if there is an
ideal I of A such that A s B [ I. Test elements and retracts of free
w xalgebras with the Nielsen]Schreier property were described in 41 ; an
element u of a free algebra F is a test element if and only if u does not
Žbelong to any proper retract of F this is an analog of Turner’s result on
w x.test elements of a free group 69 .
 4PROPOSITION 3.1. Let A s a , . . . , a be a primiti¤e system of elements1 l
of F, and B a finitely generated subalgebra of F such that A ; B. Then A is a
primiti¤e system in B.
Proof. Let H be a finitely generating set of B, and H X s H j A. Using
a finite number of elementary transformations of H X we will come to a
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free generating set of B. We may suppose that A : X. We may use only
the following elementary transformations: if h , . . . , h g H X and the lead-1 s
ing part hT of the element h belongs to the subalgebra generated by1 1
T T T Ž T T . Xthe leading parts h , . . . , h , h s u h , . . . , h , then we set h s h y2 s 1 2 s 1 1
Ž . Žu h , . . . , h . It is clear that using these elementary transformations with2 s
.possible cancellation of zeros we may come to a free generating set Y of
B such that A : Y. Thus A is a primitive system of elements of B.
PROPOSITION 3.2. Almost primiti¤e elements of a free algebra F are
Želements of the maximal rank that is, they do not belong to any proper free
.multiplier of F . The re¤erse statement is not true.
Proof. Let a be an APE of F and B a proper free multiplier of F.
Then the element a is primitive in B, and thus a is a primitive element of
Ž . Ž .F. If F s F x, y , a free algebra of rank two, then the element xy y has
the maximal rank two, but at the same time it is not primitive in the
Ž .subalgebra generated by xy and y. Hence xy y is not an APE of F.
Since elements of the maximal rank are test elements for injective
Ž w x.endomorphisms of F see 41, 45 , it is interesting to realize the difference
between almost primitive elements and test elements.
Ž .LEMMA 3.3. Let K be a field, char K / 2, and let u be an APE of F X
whose component of degree one is equal to zero. Then u is a test element
Ž .of F X .
w x Ž .Proof. By Theorem 4 of 41 , test elements of the algebra F X are
Ž .precisely those elements not contained in any proper retract of F X . Let
Ž . Ž .H be a proper retract of F X , u g H. Since u is an APE of F X , it is
Ž .a primitive element of H. Since the automorphism group of F X is
w xgenerated by elementary automorphisms, it follows from Theorem 5 of 41
that u has nonzero linear component. This contradiction completes the
proof.
PROPOSITION 3.4. Let K be a field, char K / 2.
Ž . Ž .1 xy is an APE of F x, y and it is also a test element;
Ž . Ž .2 x q xy is an APE of F x, y and at the same time it is not a test
Ž . Ž .element; xy z is not an APE of F x, y, z and at the same time it is an
element of maximal rank;
Ž . Ž .3 xx is an APE of the free nonassociati¤e algebra F x and it is also a
w xtest element; if y is an odd ¤ariable, then y, y is an APE of the free Lie
Ž .superalgebra L y of rank one and it is also a test element;
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Ž . p pŽ .4 x is an APE of the free Lie p-algebra L x and it is also a test
element; x p
2
is a test element, but not an APE;
Ž . ww x x5 the element x y x, y , y is not an APE of the free Lie algebra
Ž .L x, y and it is not a test element, but it has the maximal rank two; the
ww x x Ž .element x, y , y is not an APE, but it is a test element of L x, y ;
Ž . w x ww x x Ž .6 x, y q x, z , z is an APE of the free Lie algebra L x, y, z and
it is also a test element;
Ž . w x ww x x7 if x and y are e¤en and z is odd, then z, y q z, x , x is an APE
Ž .of the free Lie superalgebra L x, y; z and it is also a test element; if y and z
are e¤en, and x is odd, then this element is neither APE nor a test element of
Ž .L y, z; x ;
Ž . w x Ž . pŽ .8 if char K s p ) 2, then the element x q y, z q ad x z is an
Ž .APE and it is not a test element of the free Lie algebra L x, y, z ; also it is not
pŽ .an APE of the free Lie p-superalgebra L x, y, z .
Ž . Ž .Proof. Suppose that one of elements of points 1 ] 8 belongs to a
Ž .finitely generated subalgebra H of F X . We denote this element by u.
 4Let x ) y ) z, and let h , . . . , h be a reduced set of free generators of1 m
H. Then the leading part u8 of u is a polynomial in hT , . . . , hT .1 m
Ž . T1 u s xy s u8. If u8 is a linear combination of some h , 1 F i F m,i
then it is clear that u is a primitive element of H. Otherwise we may
T T T T Ž .suppose that u8 s h h , h s x, h s y. Then H s F x, y , and H is not a1 2 1 2
Ž .proper subalgebra of F x, y . By Lemma 3.3, xy is a test element of
Ž .F x, y .
Ž . Ž .2 To show that u s x q xy is an APE of F x, y one may use the
Ž .same arguments as in point 1 of the proof. Let w be the homomorphism
Ž . Ž . Ž .of F x, y given by w x s u and w y s 0. Then w is not an automor-
Ž . Ž .phism, w u s u, and u is not a test element of F x, y .
Ž .For the element ¤ s xy z we set h s xy, h s z. Let H be the1 2
Ž .  4subalgebra of F x, y, z generated by h and h . It is clear that h , h is1 2 1 2
Ž .a reduced set, and H is a proper subalgebra of F x, y, z . At the same
time ¤ s h h , and ¤ is not a primitive element of H. It is obvious that ¤1 2
has the maximal rank.
Ž . Ž . p w x3 , 4 To show that xx, x , and y, y are APE and test elements of
Ž . pŽ . Ž . Ž .F x , L x , and L y , respectively, one may use arguments from point 1
pŽ .of the proof. Let H be the subalgebra of L X generated by the element
p p2 pŽ .w s x , and ¤ s x . Then H is a proper subalgebra of L x , ¤ g H,
¤ s u p, and ¤ is not a primitive element of H. Thus x p2 is not an APE of
pŽ . pŽ .L x . At the same time the algebra L x has no proper retracts. Hence
pŽ .any nonzero element of L x is a test element.
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Ž . ww x x w x5 Let u s x y x, y , y , h s x, y y x, h s y, and let H be the1 2
Ž .  4  4subalgebra of L x, y generated by h , h . It is clear that h , h is a1 2 1 2
Ž .reduced set, H is a proper subalgebra of L x, y , and u is not a primitive
Ž Ž w x..element of H u s y h q h , h . Therefore u is not an APE of1 1 2
pŽ . Ž .L x, y . Taking the retraction homomorphism w given by w x s u,
Ž . Ž . Ž .w y s 0, we get w u s u. Thus u is not a test element of L x, y . At the
Ž . Žsame time u is an element of the maximal rank in L x, y otherwise it is a
.primitive element which is not the case .
ww x x Ž .It is clear that ¤ s x, y , y is not an APE of L x, y , but ¤ is a test
Ž . w xelement of L x, y . We note also that in 60 V. Shpilrain showed that
homogeneous elements of maximal rank of a free Lie algebra are test
elements.
Ž . w x ww x x ww x6 For u s x, y q x, z , z we have u8 s x, z, z . If u8 is a
linear combination of some hT , then u is a primitive element of H.i
Otherwise we have to consider the following cases. In the first case
T w x Th s x, z , h s z s h . Then1 2 2
w xh s x , z q a x q b y q g z , a , b , g g K ,1
w x w x w x w x Tand u y h , h s x, y y a x, z y b y, z . If now h contains a sum-1 2 3
w x T Tmand x, y , then u is a primitive element of H, and if h s x, h s y,3 4
 4then h , h , h , h is not a reduced set.1 2 3 4
In the second case hT s x s h , hT s z s h . Then1 1 2 2
w x w xu y h , h , h s x , y .1 2 2
T w xIf h has the summand x, y , then u is a primitive element, and if h s y,3 4
Ž .then H is not a proper subalgebra, H s L x, y, z .
Ž .By Lemma 3.3, u is a test element of L x, y, z .
Ž .7 If x and y are even and z is odd, then using the same arguments
Ž . w x ww x xas in point 6 of the proof, we get that z, y q z, x , x is APE and a test
Ž .element of L x, y; z .
w x ww x x w xIf y and z are even and x is odd, then z, y q z, x , x s z, y
1 w x Ž .q x, x , and it is not an APE of L y, z; x . To show that it is not a test2
element one may consider the retraction homomorphism w given by
1Ž . Ž . w x Ž .w x s 0, w y s y q x, x , and w z s z.2
Ž . w x Ž w x.8 In 38, 39 see also Theorem 28.10 of the monograph 46 it was
w x Ž . pŽ .shown that u s x q y, z q ad x z is not a primitive element of
Ž . Ž .L x, y, z . Let u belong to a proper subalgebra H of L x, y, z . We have
Ž . pŽ . T Tu8 s ad x z and u8 is a polynomial in h , . . . , h . If u8 is a summand1 m
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of hT , then obviously u is a primitive element of H. Otherwise we may1
T T Ž . sŽ . T Usuppose that h s h s x, h s ad x z , s - p. Let h s h q h . Con-1 1 2 2 2 2
sider the element
pys pysX w xu s u y h y ad h h s y , z y ad h h .Ž . Ž . Ž . Ž .1 1 2 1 2
Then to write u as an element of H in free generators h we consideri
X Y w xu , u , and so on. At some step of this expression we get either y, z is a
Ž . T Žsummand up to a nonzero coefficient of some h and then u has thei
Ž . .form a g q f g ‹ j / i , 0 / a g K, and u is a primitive element of H ,i j
or h s y, h s z for some j, and H is not a proper subalgebra ofj jq1
Ž .L x, y, z .
Ž .Now we consider the retraction homomorphism w given by w x s u
Ž . Ž . Ž .and w y s w z s 0. Then w u s u, w is not an automorphism of
Ž .L x, y, z . Hence u is not a test element.
pŽ .It remains to show that u is not an APE of L x, y, z . Indeed, u is a
pŽ . w p xprimitive element of L x, y, z , u s x q y q x , z . It completes the
proof of the proposition.
Ž .Remark 3.5. The element in point 8 of Proposition 3.4 has the
following remarkable property: it is not a primitive element of the free Lie
Ž .algebra L s L x, y, z over a field K of characteristic p, but if I is the
ideal of L generated by this element, then the factor algebra LrI is not a
free Lie algebra, and at the same time the universal enveloping algebra of
w xit is a free associative algebra of rank two; see 38, 39, 46 .
Ž .LEMMA 3.6. Let F X be a free product of two of its proper subalgebras,
F s A) B. Let also a be an APE of A, and b an APE of B. Then a q b is not
a primiti¤e element of F.
 4  4 < <Proof. Let Y s y , . . . , y , Z s z , . . . , z , s q t s n s X , A s1 s 1 t
Ž . Ž .F Y , B s F Z . Suppose to the contrary that a q b is a primitive
Ž .element of F X . Since a and b are APE of A and B, respectively,
Ž . Ž .l a ) 1, l b ) 1.Y Z
 4 Ž .Let G s g , . . . , g be a free generating set of F X , g s a q b. Let1 n 1
gX, 1 F i F n, be the component of g which does not depend on elementsi i
from Z. It is clear that gX s a. Using elementary automorphisms we may1
 X X 4assume that nonzero elements of the set g , . . . , g form a reduced2 n
Ž X. Ž . Ž .subset of A, l g - l g s l a , 2 F i F n. Since G is a free generat-Y i Y 1 Y
Ž .ing set of F X , by a finite number of elementary automorphisms we may
X  X X 4 Žtransform the set G s g , . . . , g to the free generating set Y of A join1 n
.with some zero elements . Let w be the composition of these elementary
Ž X .automorphisms. If w g / 0, then a is a primitive element of A, which1
gives us a contradiction with the fact that a is an APE of A.
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Ž X . Ž .If w g s 0, then each monomial of w g depends on elements of Z.1 1
Ž .X Ž .XWe may assume that w g s y , . . . , w g s y . Hence, using addi-2 1 sq1 s
Ž .Xtional elementary automorphisms we may suppose that w g s ??? ssq2
Ž .X Ž . Ž . Ž .w g s 0. It is clear that the elements w g , w g , . . . , w g generaten 1 sq2 n
Ž .Ythe algebra B modulo the ideal of F generated by the set Y. By w g wei
Ž .denote the component of w g which does not depend on elements of Y.i
Then the set
Y Y Y
H s w g , w g , . . . , w g 4Ž . Ž . Ž .1 sq2 n
generates the algebra B. But this set consists of t elements. Since the rank
of the algebra B is equal to t, by the Hopf property of free algebras H is a
Ž .Yset of free generators of B. Thus w g is a primitive element of B.1
y1 y1Ž Ž .Y .Applying the invertible automorphism w we have b s w w g .1
Thus b is a primitive element of B. But b is an APE of B, and we have
Ž .come to a contradiction. Thus a q b is not a primitive element of F X .
Ž . Ž .Remark 3.7. If F X is a free Lie super algebra over a field of zero
Ž .characteristic, or a free Lie p- super algebra, then to prove Lemma 3.6
Žone may use matrix criteria for an element to be primitive and to have
. w x Žgiven rank obtained by A. A. Mikhalev and A. A. Zolotykh 42, 43 see
w x.also monograph 46 . Applying this criteria one may see that since
elements a and b are elements of the maximal rank in A and B,
respectively, then the element a q b has the maximal rank in A) B s F.
Therefore a q b is not a primitive element of F.
Ž .LEMMA 3.8. Let F X be a free product of two of its proper subalgebras A
and B, F s A) B. Let also a be an APE of A, b an APE of B, and H a
proper subalgebra of F such that a, b g H. Then a q b is a primiti¤e element
of H.
Ž . Ž .  4  4Proof. Let A s F Y , B s F Z , Y s y , . . . , y , Z s z , . . . , z . We1 s 1 t
may suppose that H is a finitely generated subalgebra. Using Kurosh’s
Ž wmethod for constructing free generating sets of free subalgebras see 3, 5,
x.29, 46, 57, 58 we see that H s H ) H ) H , where H is the subalgebra1 2 3 1
of all elements of H which do not depend on Z, and H is the subalgebra2
of all elements of H which do not depend on Y, and H is some finitely3
Ž .generated subalgebra possibly, H s H ) H . Hence a g H and b g H ,1 2 1 2
and H and H are subalgebras of A and B, respectively. Since H is a1 2
proper subalgebra of F, H / A or H / B. Without loss of generality we1 2
may suppose that H is a proper subalgebra of A. Since a is an APE of F1
and a g H , a is a primitive element of H . Hence a q b is a primitive1 1
element of F.
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Ž .PROPOSITION 3.9. Let F X be a free product of two of its proper
subalgebras A and B, F s A) B. Let also a and b be homogeneous APE of A
and B relati¤ely to some generalized degree functions m and m of A and B,1 2
Ž .respecti¤ely m and m could be different . Then a q b is an APE of F.1 2
Ž .Proof. By Lemma 3.6, a q b is not a primitive element of F X . Let H
be a proper finitely generated subalgebra of F, and let a q b g H. If
a g H, then b g H, and by Lemma 3.8, a q b is an APE in F. If a f H,
then we consider the generalized degree function m which has restrictions
on A and B which are equal to m and m , respectively. Let G be a1 2
Ž .reduced set of free generators of H relative to m . Without loss of
generality we may assume that the leading m-component of a q b is equal
X Ž .to a. By H we denote the subalgebra of F X generated by H and the
X Ž . Želement a. Then H / F X by Kurosh’s method we may construct such
X .a set V of free generators of H that a g V . By Lemma 3.8, a q b is a
primitive element of H X. Therefore, by Proposition 3.1, a q b is a primi-
Ž .tive element of H. Thus a q b is an APE of F X .
Remark 3.10. If a free group F of finite rank is a product of two of its
proper subgroups A and B, F s A) B, and a and b are APE of A and B,
w xrespectively, then ab is an APE of F; see 6, 21, 22 .
THEOREM 3.11. Let K be a field, char K / 2.
Ž .1 If n s 2m, then the element
x x q x x q ??? qx x1 2 3 4 2 my1 2 m
Ž .is an APE of F X .
Ž .2 If n s 2m q 1, then the element
x x q x x q ??? qx x q x x1 2 3 4 2 my1 2 m 2 m 2 m
Ž .is an APE of the free nonassociati¤e algebra F X ; the element
w x w x w x px , x q x , x q ??? q x , x q x1 2 3 4 2 my1 2 m 2 m
pŽ .is an APE of the free Lie p-algebra L X .
Ž . p p3 The element x q ??? qx is an APE of the free Lie p-algebra1 n
pŽ .L X .
Ž .  44 If n s 2m q 1, X s x , . . . , x , then the element1 2 mq1
w x w x w xx , x , x q x , x q ??? q x , x2 1 1 2 3 2 m 2 mq1
Ž .is an APE element of the free Lie algebra L X .
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Ž .  4  45 Let X s x , . . . , x be e¤en ¤ariables, and Y s y , . . . , y odd1 n 1 m
¤ariables.
Ž .a If n s 2k, m s 2 l, then the element
w x w x w x w xx , x q ??? q x , x q y , y q ??? q y , y1 2 2 ky1 2 k 1 2 2 ly1 2 l
Ž .is an APE of the free Lie superalgebra L X ; Y and of the free Lie p-superal-
pŽ .gebra L X ; Y ;
Ž .b if n s 2k q 1, m s 2 l, then the element
w x w x w x w xx , x , x q x , x q ??? q x , x q y , y q ???2 1 1 2 3 2 k 2 kq1 1 2
w xq y , y2 ly1 2 l
Ž .is an APE of the free Lie superalgebra L X ; Y ;
Ž .c if n s 2k, m s 2 l q 1, then the element
w x w x w x w xy , x q y , x , x q x , x q ??? q x , x2 lq1 2 ky1 2 lq1 2 k 2 k 1 2 2 ky3 2 ky2
w x w xq y , y q ??? q y , y1 2 2 ly1 2 l
Ž .is an APE of the free Lie superalgebra L X ; Y ;
Ž . p p w x w xd x q ??? qx q y , y q ??? q y , y is an APE of the free1 n 1 1 m m
pŽ .Lie p-superalgebra L X ; Y ;
Ž .e if n s 2k q 1, m s 2 l, then the element
w x w x p w x w xx , x q ??? q x , x q x q y , y q ??? q y , y1 2 2 ky1 2 k 2 kq1 1 2 2 ly1 2 l
pŽ .is an APE of the free Lie p-superalgebra L X ; Y ;
Ž .f if n s 2k, m s 2 l q 1, then the element
w x w x w x w xx , x q ??? q x , x q y , y q ??? q y , y1 2 2 ky1 2 k 1 2 2 ly1 2 l
w xq y , y2 lq1 2 lq1
Ž .is an APE of the free Lie superalgebra L X ; Y and of the free Lie p-superal-
pŽ .gebra L X ; Y ;
Ž .g if n s 2k q 1, m s 2 l q 1, then the element
w x w x w x px , x q x , x q ??? q x , x q x1 2 3 4 2 ky1 2 k 2 kq1
w x w x w xq y , y q ??? q y , y q y , y1 2 2 ly1 2 l 2 lq1 2 lq1
pŽ .is an APE of the free Lie p-superalgebra L X ; Y .
All elements pointed out abo¤e are test elements of the corresponding free
algebras.
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Proof. The elements xx, x x , x p are homogeneous relative to the usuali j
w x ww x xdegree, and the element x, y q x, z , z is m-homogeneous for m given
Ž . Ž . Ž .by m x s m y s 2 and m z s 1. Applying Propositions 3.4 and 3.9 we
Ž .get that described elements are APE of F X . By Lemma 3.3, these
Ž .elements are test elements of F X .
< <LEMMA 3.12. Let K be a field, char K / 2, X G 2, and let u be a
Ž .homogeneous element of F X of maximal rank. Then u is a test element.
Ž . Ž .Proof. Let w be an endomorphism of F X , h s w x , 1 F i F n.i i
< < Ž .Since X G 2 and u is a homogeneous element of maximal rank, l u G 2.
Ž .It follows now from w u s u that elements h , 1 F i F n, are nonzero,i
and their components of minimal degree h have the length one. Since u isi
an element of maximal rank, elements h , 1 F i F n, are linearly indepen-i
Ž .dent. Hence w is a monomorphism of F X . Since u is an element of
w xmaximal rank, it follows from Theorem 2 or 41 that w is an automor-
Ž .phism of F X .
Note that the statement of Lemma 3.12 for free Lie algebras was proved
w xby V. Shpilrain in 60 .
Remark 3.13. Test elements of free groups have been of interest for
wmany years. Examples of such elements were given in 10, 15, 18, 21]24,
x28, 47, 51]55, 59, 62, 69, 77, 78 . Examples of test elements of polynomial
walgebras and of free associative algebras were obtained in 12, 13, 16,
x19, 20 .
Problem 3.14. Find an algorithm to recognize APE of free algebras
with the Nielsen]Schreier property.
Note that algorithms to recognize primitive elements and primitive
systems of elements and algorithms to find ranks of systems of elements of
free Lie algebras and superalgebras over fields of zero characteristic and
of free Lie p-algebras and p-superalgebras were obtained by A. A.
Ž w x.Mikhalev and A. A. Zolotykh see 42, 43, 46 . An algorithm to find the
rank of an homogeneous element of a free Lie algebra was obtained by V.
w xShpilrain 60 .
Algorithms to recognize primitive elements of free groups follow from
w x Ž w x14, 70 for free groups of rank two see also articles 8, 9, 47, 48, 74, 75
w x.and the monograph 31 . Algorithms to find ranks of elements of free
w x w xgroups follow from 14, 73 . In 4 G. Bergman showed that the intersection
of two retracts of a free group is again a retract. It is an open problem
whether an analog of this result takes place for free algebras with the
Nielsen]Schreier property or not.
w x w xV. Shpilrain 59 and E. Turner 69 gave effective necessary and
sufficient conditions for an element of a free group to be a test element. L.
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w xComerford 10 obtained an algorithm to recognize test elements of free
groups.
Algorithms to recognize primitive elements of polynomial algebras in
two variables and of free associative algebras of rank two were obtained by
w x w xV. Shpilrain and J.-T. Yu in 64, 65 ; see also the articles 49 by P. Rabier
w xand 7 by L. A. Campbell and J.-T. Yu on the description of primitive
elements.
Retracts of polynomial algebras in two generators and of free associative
w xalgebras of rank two were described in 11, 66 . For a description of
w xretracts of free algebras with the Nielsen]Schreier property see 5, 41 .
Test Elements of Free Algebras of Rank Two
For free algebras of rank two with the Nielsen]Schreier property, the
situation to construct an algorithm to determine test elements is much
simpler. By the description of retracts of finitely generated algebras with
w x Žthe Nielsen]Schreier property given in 41 one may use also properties of
Ž .subalgebras of free nonassociative algebras and of free anti commutative
w x.nonassociative algebras described in the monograph 5 , any proper re-
Ž .tract of F x, y is generated by one element w. There is a free generating
 4 Ž .set u, ¤ of F x, y such that w s u q f , where each monomial in f
depends on ¤ . Using this fact and the result that test elements of free Lie
Ž w x.algebras are elements not contained in proper retracts see 40 one may
Ž .easily see that test elements of the free Lie algebra L s L x, y are
w xnonzero elements of the commutator algebra L, L ; this fact was noted in
w x17 . For other classes of free algebras with the Nielsen]Schreier property
we have to construct an algorithm to determine elements generating
retracts and an algorithm to determine whether an element belongs to the
subalgebra generated by a retract generated by one element.
pŽ .We illustrate these algorithms for free Lie p-superalgebra L s L x, y
of rank two. Any element w which generates a proper retract of L has a
Ž .form u q f , where L s L u, ¤ and each monomial of the element f
depends on ¤ . So, if given that element a of L has no summands of degree
one, then it is not an element generating a proper retract. If it has linear
summands, then by using an automorphism we may write it in a form
X pŽ X X.a s x q g, where L s L x , y , and all monomials of the element g
have degree greater than one. Now to determine whether a generates a
retract or not, it is enough to determine whether g in the standard
X Žpresentation has the monomials which do not depend on y these mono-
t .mials are p -powers of x, t G 1 . Now suppose that for a given element a
we decided that a is not an element which generates a retract. But possibly
it belongs to the subalgebra generated by an element b, and b generates a
proper retract. We suppose that K is a perfect field given constructively,
with an algorithm of extracting p-roots. Then the leading monomial a8 of
PRIMITIVE ELEMENTS OF FREE ALGEBRAS 617
Ža in the standard presentation of a and b as linear combinations of
. tp-regular Lyndon]Shirshov monomials is a p -power of a leading mono-
mial b8 of b. We take the minimal possible such t and write b in the form
b s a b8 q bU , where a g K and bU is a linear combination with undeter-
Žmined coefficients of monomials which are less than b8 at first by the
.usual degree, and then lexicographically . Since a belongs to the subalge-
w xbra generated by b, a, b s 0. It gives us a system of linear equations on
undetermined coefficients. By solving this system we complete the algo-
rithm. A similar algorithm may be used for free Lie superalgebras and for
free Lie p-superalgebras of rank two. For free Lie superalgebras we may
use the algorithm to extract square roots from even elements; this algo-
w xrithm was described in monographs 3, 46 . For free nonassociative alge-
Ž .bras and for free anti commutative nonassociative algebras the situation
w xis different; we have no analog of the condition a, b s 0. Thus to find the
element b we have to solve some system of algebraic equations.
4. D-PRIMITIVE ELEMENTS OF FREE LIE ALGEBRAS
In this section we obtain a characterization of D-primitive elements of
free Lie algebras. We prove that in free Lie algebras of odd rank there are
no such elements, and in free Lie algebras of even rank all these elements
are automorphic images of one particular element.
A vector of Laurent polynomials is called D-unimodular if its compo-
nents generate the augmentation ideal of the whole algebra. V. A. Arta-
w xmonov 1 proved that the general linear group acts transitively on the set
Žof all D-primitive vectors for unimodular vectors this result was proved by
w x. w xA. A. Suslin 68 . V. Shpilrain 63 considered D-primitive elements of the
free group. He proved that in a free group F any D-primitive element is2 m
w xw x w xan automorphic image of x , x x , x ??? x , x , there are no1 2 3 4 2 my1 2 m
primitive elements of the group F if n is odd, and in a free group F ofn
Ž .finite rank, the group Aut F acts transitively on the set of all D-primitive
elements.
 4Let X s x , . . . , x . For any element a of the free associative algebra1 n
² :K X over the field K we have the unique presentation in the form
² :a s a ? 1 q x a q x a q ??? qx a , where a g K X , a g K. We call1 1 2 2 n n i
the element a the right Fox partial derivative of the element a by x , andi i
Ž .we use the notation a s › ar› x s ›r› x a. Thus we have the operatorsi i i
Ž . ² :›r› x . These operators are exactly linear mappings ›r› x : K X “i i
² :K X such that
›




u¤ s u ¤ q s u ¤ ,Ž . Ž . Ž . Ž .
› x › x › xi i i
² : ² : Ž .where s : K X “ K X is the homomorphism defined by s x s 0 fori
all x g X.i
Ž .Let char K / 2, and let L X be the free Lie algebra with the set X of
² :free generators over the field K. Then K X is the universal enveloping
Ž . ² :algebra of the Lie algebra L X . In fact, K X with the new commutator
Ž .operation is a Lie algebra, and L X is a subalgebra of this Lie algebra
Ž .generated by X. The restriction of operators ›r› x on L X , x g X, arei i
Ž .derivations of L X . It is clear that the multiplicative envelope of the free
Ž . ² :Lie algebra L X is exactly the free associative algebra K X . The
Ž .components of the universal derivation of L X are right Fox derivatives
Ž w x.see 26, 46, 56 .
² :By D we denote the left ideal of the free associative algebra K X
w x Ž .generated by the set X. Following 63 we say that an element u of L X
Ž . Ž .is a D-primitive element if the elements ›r› x u, . . . , ›r› x u generate1 n
² :D as the left ideal of K X .
 4THEOREM 4.1. Let K be a field, char K / 2, X s x , . . . , x . Let also1 n
Ž .L X be the free Lie algebra on X o¤er K. Then
Ž .1 If n s 2m, then any D-primiti¤e element is an automorphic im-
age of
w x w x w xx , x q x , x q ??? q x , x ;1 2 3 4 2 my1 2 m
Ž . Ž .2 There are no D-primiti¤e elements of L X if n is odd;
Ž . Ž .3 The group of automorphisms of the algebra L X acts transiti¤ely
on the set of all D-primiti¤e elements.
 4 w xProof. Let X s x , . . . , x . Following 42, 43, 46 we say that an1 n
n Ž .additive function v : Z “ Q is a functional if v r / 0 for all r / 0q q
Žhere Z is the set of all nonnegative integers, and Q is the set of allq q
.nonnegative rational numbers .
It is clear that an automorphic image of a D-primitive element is again a
Ž .D-primitive element. Let v s v x , 1 F i F n. We consider a partiali i
Ž . X Xordering on rows V s v , . . . , v : we say that V ) V if v G v ,1 n i i
1 F i F n, and vX ) v for some j. Let now v will be a functional with thej j
maximal row V such that the leading component ¤ with respect to v ofˆ
Žsome automorphic image ¤ of the element u has the degree 1 now we
.generalize the degree function using the degree v of free generators x .i i
We may suppose that u s ¤ .
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ŽIt is clear that the element u has no summands of the length one that
.is, the linear combinations of elements of X . Since u is a D-primitive
element, it has the maximal rank and depends on x , . . . , x , and there are1 n
² :elements m g K X , 1 F i, j F n, such thati j
› u › u
m q ??? qm s x , i s 1, . . . , n. )Ž .i1 in i› x › x1 n
Ž .Suppose that the length the usual degree of the element u is greater than
Ž .2. Then it follows from ) that for the leading component u of theˆ
Ž .element u which as v-degree equal to 1 there is a relation
› u › uˆ ˆ
m q ??? qm s 0,1 n› x › x1 n
² :with not all equal to zero elements m of K X , 1 F i F n. Then byi
w x Ž w x.Lemma 5.3 from 43 see also Lemma 27.4 in the monograph 46 , there
Ž . Ž Ž Ž .. Ž .is an v-homogeneous automorphism w of L X that is, v w x s v xi i
. Ž .for all i such that the leading component ¤8 of the element ¤ s w xi
depends on less than n free generators from X. We may assume that ¤ˆ
does not depend on x . Since ¤ depends on x , we may consider the1 1
X Ž .following functional v . We increase the rational number v s v x until1 1
the moment when the leading component of ¤ relative to the new
functional depends on x . We fix this value for vX , and we set vX s v for1 1 i i
i s 2, . . . , n. Then the leading component of the element ¤ relative to vX
has the vX-weight equal to 1. At the same time VX ) V by the first
component, and we have come to a contradiction with the maximal
property of the functional v. Thus the length of the element u is equal to
2, and
w xu s a x , x , a g K ,Ý i j i j i j
1Fi-jFn
with not all zero coefficients a . Since u has the maximal rank, applying ai j
 4linear automorphism, in new free generators Y s y , . . . , y we have1 n
w x w xu s y , y q b y , y , b g K .Ý1 2 i j i j i j
3Fi-jFn
Bearing in mind that u is an element of the maximal rank and continuing
this process, we get that in the case where n s 2m the initial element u is
an automorphic image of
w x w x w xx , x q x , x q ??? q x , x ,1 2 3 4 2 my1 2 m
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Ž .which is the statement 1 of the theorem. It is clear now that there are no
Ž . Ž Ž .D-primitive elements of L X if n is odd this is statement 2 of the
. Ž . Ž .theorem . It follows from 1 and 2 that the group of automorphisms of
Ž .the algebra L X acts transitively on the set of all D-primitive elements
Ž Ž ..which is statement 3 . This completes the proof.
 4COROLLARY 4.2. Let K be a field, char K / 2, and X s x , . . . , x .1 2 m
Ž .Let also L X be the free Lie algebra on X o¤er K. Suppose that w is an
Ž . Ž .endomorphism of L X such that for any D-primiti¤e element u of L X the
Ž . Ž .element w u is also D-primiti¤e. Then w is an automorphism of L X .
w x w x Ž .Proof. Let w s x , x q ??? q x , x and ¤ s w w . Elements1 2 2 my1 2 m
w and ¤ are D-primitive. By Theorem 4.1 there is an automorphism c of
Ž . Ž . Ž Ž ..L X such that c ¤ s w. But then c w w s w. But w is a test element
Ž .of L X . It follows that cw is an automorphism. Thus w is an automor-
Ž .phism of L X .
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